During the past five years, it has been shown that carbon nanotubes act as an exceptional reinforcement for composites. For this reason, a large number of investigations have been devoted to analysis of fundamental, structural behavior of solid structures made of carbon-nanotube-reinforced composites (CNTRC). The present research, as an extension of the available works on the vibration analysis of CNTRC structures, examines the free vibration characteristics of plates containing a cutout that are reinforced with uniform or nonuniform distribution of carbon nanotubes. The first-order shear deformation plate theory is used to estimate the kinematics of the plate. The solution method is based on the Ritz method with Chebyshev basis polynomials. Such a solution method is suitable for arbitrary in-plane and out-of-plane boundary conditions of the plate. It is shown that through a functionally graded distribution of carbon nanotubes across the thickness of the plate, the fundamental frequency of a rectangular plate with or without a cutout may be enhanced. Furthermore, the frequencies are highly dependent on the volume fraction of carbon nanotubes and may be increased upon using more carbon nanotubes as reinforcement.
Introduction
Plates with cutouts are extensively used in automotive and aircraft structures. Cutouts may be of rectangular, circular, elliptical, super elliptical or polygonal shape. Due to the complicated configuration of a plate with a cutout, there is significantly less research on plates with cutouts in comparison to those without cut-out. Depending on the application, homogeneous isotropic, composite or functionally graded plates may be perforated to fulfill a desired application.
Representing a type of novel material with fascinating electrothermo-mechanical properties, carbon nanotubes (CNTs) have attracted increasing attention in the past decades. CNTs are a promising candidate for the reinforcement of the matrix phase in a composite. Kwon et al. [1] reported that using a powder metallurgy fabrication process, carbon-nanotube-reinforced composites (CNTRCs) may be achieved with a nonuniform distribution of CNTs through the media. This type of reinforced composite media is known as functionally graded carbon-nanotube-reinforced composite (FG-CNTRC). An overview on the properties, modeling and characteristics of FG-CNTRC beams, plates and shells is provided by Liew et al. [2] It has been shown that the bending moment may be significantly alleviated through a functionally graded distribution of CNTs in a polymeric matrix [3] . In the five years following the discovery of this interesting feature, various investigations were reported on the mechanics of FG-CNTRC structures.
Zhu et al. [4] investigated the free vibration and static response of FG-CNTRC plates using finite element method [4] . Zhang et al. investigated the free vibration characteristics of FG-CNTRC skew plates [5] , triangular plates [6] and cylindrical panels [7] using element free methods. In these works it is shown that the natural frequencies of plates and panels are affected by the distribution and volume fraction of CNTs. Zhang et al. [8] investigated the free vibration characteristics of FG-CNTRC plates resting on an elastic foundation. Lei et al. [9] investigated the free vibration of composite, laminated FG-CNTRC plates with general boundary conditions. Malekzadeh and Zarei [10] examined the free vibration characteristics of laminated plates containing FG-CNTRC layers in an arbitrary straight-sided quadrilateral shape. Malekzadeh and Heydarpour [11] investigated the free vibration and static response of laminated plates with FG-CNTRC layers using a mixed Navier-layerwise differential quadrature method. In this research, plates with all edges simply supported are considered. Natarajan et al. [12] applied a higher order shear and normal deformable plate formulation to study the static and free vibrations of single layer FG-CNTRC plates and also sandwich plates with FG-CNTRC face sheets. Wang and Shen investigated the linear and nonlinear free vibrations of a single layer FG-CNTRC plate [13] and also sandwich plates with stiff core and FG-CNTRC face sheets [14] . In this analysis, the interaction of the plate with a two parameter elastic foundation is also taken into account. Wang and Shen [15] investigated the dynamic response of FG-CNTRC plates according to the von Kármán formulation. In this research, the interaction of a two parameter elastic foundation and a thermal environment are also included. The solution method of this research is based on a two-step perturbation technique and is suitable for plates with all edges simply supported. Using a mesh-free formulation proper for arbitrary edge supports, Lei et al. [16] investigated the elasto-dynamic response of FG-CNTRC plates subjected to sudden lateral pressure. For more investigations on vibration, buckling, postbuckling, stress analysis, and nonlinear bending of FG-CNTRC plates, one may refer to [17] [18] [19] [20] [21] [22] [23] [24] [25] .
The present research aims to investigate the free vibration characteristics of an FG-CNTRC rectangular plate containing a central, rectangular cutout. The distribution of CNTs across the plate thickness are assumed to be either uniform or nonuniform. A modified rule of mixtures approach is used to obtain the properties of the composite media. Chebyshev polynomials are used as the basic shape functions of the Ritz formulation to construct an eigenvalue problem. The solution method may be used for perforated FG-CNTRC rectangular plates with arbitrary boundary conditions on the outer edges, while the inner edges are unconstrained. The numerical results allow for the study of the volume fraction and distribution pattern of CNTs, plate boundary conditions and hole size.
Modeling Basic formulation
A rectangular-shaped plate, made of a polymeric matrix, reinforced by CNTs whose distribution may be nonuniform, is considered in the present research. The plate contains a centered hole, which is assumed to be rectangular-shaped. The cartesian coordinate system is assigned to the center of the mid-surface of the plate. In this system, the plate occupies the domain Motivated by the fundamental research of Shen [3] , many investigators take into account the functionally graded distribution of the volume fraction of reinforcements through the matrix. Consistent with the possible fabrication processes for plates, three different functionally graded types of CNT dispersion profiles may be assumed and are considered in the present research: FG-V, FG-O and FG-X [5] [6] [7] . A schematic of these functionally graded types along with the uniformly distributed (UD) type are shown in Figure 2 . The properties of a composite media (i.e., a matrix reinforced with CNTs) may be obtained according to various homogenization techniques. The two commonly used schemes that are extensively used for composites and FGMs are the Mori-Tanaka scheme [26] and the rule of mixtures [27] . The conventional rule of mixtures has the advantage of simplicity; however, when using CNTRCs, this approach does not provide an accurate estimation of the mechanical properties of the media. Meanwhile, as explained by Shen [3] and used extensively by other researchers [28] [29] [30] [31] [32] , the conventional rule of mixtures approach may be modified with the introduction of the efficiency parameters. Under such modification, Young's modulus and the shear modulus of the composite media take the form: (1) In this formula, the properties of the CNT are denoted by a superscript CN and that those belong to matrix are denoted by a superscript m. Following the classical solid mechanics notation, E and G are the elastic modulus and shear modulus of the constituents, respectively. In comparison to the conventional rule of mixtures approach, three unknown constants, η 1 , η 2 and η 3 , are introduced in Equation 1; these are known as efficiency parameters. These parameters compensate for the errors generated due to the conventional rule of mixtures approach for a CNTRC. The values of these constants are obtained by matching the data obtained according to the above formula with those obtained based on the molecular dynamics simulation.
It is worth noting that the volume fraction of CNTs and polymeric matrix are denoted by V CN and V m , respectively. According to the partition of unity property, the following condition should be satisfied at each point of the composite media:
The volume fraction of CNTs is assumed to be either nonuniform or uniform across the plate thickness. According to the above rule, the volume fraction of matrix may also be achieved and the overall properties of the media may be calculated according to Equation 1. Upon evaluation of the total volume fraction of CNTs across the plate thickness, it is revealed that all types have the same total volume fraction of CNTs, that is, . Consequently, the vibrational characteristics of FG-CNTRC and UD-CNTRC rectangular plates may be compared with respect to each other. As previously shown in Figure 2 and the information in Table 1 , given an FG-X pattern of CNT dispersion, the mid-surface of the plate is free of CNTs while the top and bottom surfaces have the maximum volume fraction of CNTs. The volume fraction of CNTs increases linearly from the mid-plane to the free surfaces of the plate. The FG-O type of distribution pattern is the inverse of the FG-X case. In the FG-O distribution, the top and bottom surfaces are free of CNTs and the mid-surface has the maximum volume fraction of CNTs. In FG-V type, the bottom surface is free of CNTs and the top has the maximum volume fraction of CNTs. Unlike these three types, in the UD case, each surface of the plate has the same volume fraction of CNTs.
Similar to the shear modulus and Young's modulus, Poisson's ratio and the mass density of the composite media may be written in terms of belongings to the CNT and matrix. As claimed by Shen [28] , and as used also by other researchers [29] , Poisson's ratio depends weakly on position and consequently may be obtained as (2) The mass density of a CNTRC media may be obtained according to the conventional rule of mixtures approach [13, 14] . Therefore, as a function of volume fraction and mass density of constituents, ρ CN and ρ m , one may write (3) Upon evaluation of the mass fraction for each of the graded patterns of CNTs, it is concluded that each type has the same mass fraction of CNTs.
Flexural theories propose an approximate function for the in-plane and out-of-plane displacement components of the plate. The most simple flexural theory is the classical plate theory, which eliminates the transverse shear strain components as well as the normal strain component. These assumptions are exaggerated for moderately thick composites and therefore classical plate theory results in erroneous results for the structural response of a CNTRC rectangular plate. On the other hand, first order shear deformation plate theory (FSDT), which takes into account the constant transverse shear strain, results in accurate results for the global properties of moderately thick CNTRC plates. This is because it takes into account both the rotary inertias and through-the-thickness shear strains [35] . This research is also developed based on FSDT, which estimates the displacements of the plate in terms of those of the mid-surface and the cross-section rotations as (4) In Equation 4, the subscript zero indicates the characteristics of the mid-plane. Rotations of the cross-sectional elements about the x and y axes are denoted by φ y and φ x . Additionally, displacements along the x, y and z directions are shown by u, v and w.
The substitution of Equation 4 into the strain-displacement relations results in the components of strain on an arbitrary point of the plate in terms of mid-surface strain components and change in curvature as (5) The strain field on the midsurface of the plate may be obtained according to the midsurface displacements as (6) and the change of curvatures may be obtained in terms of crosssection rotations as (7) where in Equation 6 and Equation 7 (and hereafter), the comma in the subscript indicates the derivative with respect to the variable following the comma.
Under linear elastic behavior of the composite media, the strain components may be obtained in terms of strain components according to the following generalized Hook law as (8) where the plane-stress stiffnesses of the plate are denote by Q ij components (i,j = 1,2,4,5,6). These constants may be obtained in terms of the Poisson's ratio, shear modulus and Young's modulus of the composite plate as [29] (9)
To construct the motion equations of the plate, the Hamilton principle may be used [35] . For free vibration analysis where external forces/moments are absent, Hamilton's principle may be written as (10) where δU is the virtual strain energy of the perforated plate which may be calculated as (11) In the above equation and in the rest of this work, the subscripts 1 and 2 denote a solid rectangle (i.e., a solid rectangle without a cutout) and the cutout segment, respectively. The strain energies may be obtained upon integration of the density of the strain energy over the suitable volume. (12) where the shear correction factor is denoted by κ. This parameter is used to compensate for the errors due to the assumption of constant shear strains across the thickness. The exact value of this factor is not straightforward and may be obtained under evaluation of complicated integrals. Since the exact value of this factor depends on the boundary conditions, geometry of the media, material and loading, the approximate value of κ = 5/6 is used in the present research.
Similarly, δT is the variation of the kinetic energy of the plate which also may be written as (13) where the kinetic energy may be obtained as (14) Solution procedure
It is known that the equations of motion for a plate with three translational motion and two rotational motion components may be achieved using the process of virtual displacements with the aid of the Green-Gauss theorem. On the other hand, the matrix representation of the equations of motion may be established using the application of energy methods to Equation 10 . As one of the most widely known energy-based methods, the Ritz method is used in the present research. The effectiveness and efficiency of various types of Ritz methods has been the subject of many studies [36] [37] [38] [39] . In this study, the approximation of the displacement field is carried out using the Ritz method whose shape functions are written in terms of the Chebyshev polynomials. As a result, the essential variables may be written as (15) In Equation 15 , the i-th Chebyshev polynomial of the first kind is denoted by P i . These functions in a closed-form expression may be written as (16) Additionally, in Equation 15 , the auxiliary functions (R α (x,y), where α = u,v,w,x,y) are called the boundary functions, which are associated with the essential boundary conditions. It is known that in the Ritz method, the shape functions should at least satisfy the essential boundary conditions. Three types of mechanical boundary conditions are widely used for each of the edges of the plate: clamped (C), simply supported (S) and free (F) edges are the assumed types of boundary conditions in the present study. For a clamped edge, three components of the displacement field and two components of the rotation should be zero at the edge. For a simply supported one, the tangential displacement, tangential rotation and lateral displacement should be zero. Finally, for a free edge, none of the boundary conditions are applied, and therefore, none of the displacements and rotations are restrained at the edge. On each exterior edge of the plate, various boundary conditions may be defined; however, the interior edges are all assumed to be free and none of the boundary conditions around the hole are applied.
Since the Chebyshev polynomials of the fist kind are nonzero on both ends of the interval (i.e., P i (±1) ≠ 0), the auxiliary functions R α , α = u,v,w,x,y should be chosen to satisfy the essential boundary conditions on the edge when necessary. Each of the auxiliary functions R α , α = u,v,w,x,y may be written generally as (17) The newly introduced parameters, p, q, r and s, are equal to zero or one and their magnitude depends on the essential boundary conditions at the edge. As an example, consider a perforated plate with clamped boundary conditions at x = −0.5a and x = +0.5a, free at y = −0.5b, and simply supported at y = +0.5b. For such a case, the auxiliary functions (R α , where α = u,v,w,x,y) are given as (18) Finally, the substitution of the series expansion of Equation 15 into Equation 12 and Equation 14, and inserting the results into the Hamilton principle of Equation 10 results in the motion equations given as (19) In the above equation, M is the mass matrix and, K is the stiffness matrix. Additionally, the mechanical displacement vector is denoted by X, which consists of the unknown displacements U ij , V ij , W ij , X ij and Y ij .
Since the free vibration response is under investigation, X = sin(ω t+φ) may be considered, where ω is the natural frequency. The substitution of this equation into Equation 19 results in an eigenvalue problem as (20) This eigenvalue problem can be solved using the standard eigenvalue algorithms provided in a Matlab code. It is worth noting that trapezoidal numerical integration is used to evaluate the elements of the mass and stiffness matrices. In numerical integration, the interval is divided into 100 segments.
Results and Discussion
The free vibration characteristics of FG-CNTRC rectangular plates with a centric rectangular hole were formulated in the previous sections. In the following, to assure the effectiveness and accuracy of the presented solution method, convergence and comparison studies are carried out. Next, parametric studies are provided to explore the effects of carbon nanotube characteristics on the frequencies of the perforated plate. The following convention is established for boundary conditions herein and is used in the rest of this work. For instance, an SCFS plate indicates a plate which is simply supported at x = −0.5a and y = +0.5b, clamped at y = −0.5b, and free at x = +0.5b.
In the numerical results of the present research, isotropic poly(methyl methacrylate), referred to as PMMA, is selected as the polymeric matrix. The mechanical properties of the PMMA are E m = 2.5 GPa, ν m = 0.34 and ρ m = 1150 kg/m 3 . Reinforcement of the matrix is chosen as (10,10)-armchair SWCNT. For this kind of reinforcement, which is orthotropic, the material properties are given as = 5.6466 TPa, = 7.0800 TPa, G 12 = 1.9445 TPa, ν = 0.175 and ρ = 1400 kg/m 3 [40] .
Finally, the efficiency parameters should be known to obtain the overall properties of the composite media, which are the stretching, coupling and bending stiffnesses. As mentioned before, these parameters are obtained by matching the data obtained by the present modified rule of mixtures approach and the molecular dynamics simulations of other researchers. A mo- [41] ; however, since the condition of maximum thickness for CNTs was not satisfied in this research, their simulations were re-examined by Shen [28] . In the simulations of Han and Elliott [41] , the effective thickness of the CNTs is set equal to at least 0.34 nm, which is open to criticism since it violates the criteria proposed by Wang and Zhang [42] . The molecular dynamics simulations of Shen [28] result in the following efficiency parameters for the CNTRC media that depend on the volume fraction of CNTs: η 1 = 0.137 and η 2 = 1.022 for = 0.12; η 1 = 0.142 and η 2 = 1.626 for = 0.17; and η 1 = 0.141 and η 2 = 1.585 for = 0.28. For each case, the efficiency parameter η 3 is equal to 0.7η 2 . The shear modulus G 13 is taken equal to G 12 , whereas G 23 is taken equal to 1.2G 12 [28] .
Convergence and comparison studies
Convergence and comparison studies are presented in this section. First, the convergence study allows for the necessary shape functions to be obtained with the series expansion of the Ritz method, with results shown in Table 2 . In this study, the first three frequency parameters of a square plate with a square cutout at the center are evaluated in terms of the number of shape functions. Two different cutout sizes are considered. The results are also compared with those of Liew et al. [43] and Lam et al. [44] . In the solution method of Liew et al. [43] , the basic L-shaped element, which is divided into appropriate subdomains that are dependent upon the location of the cutout, is used as the basic building element. Lam et al. [44] , on the other hand, obtained the frequencies according to a Ritz method whose shape functions are generated using the Gram-Schmidt process. In both of the above-mentioned references, the plate is formulated using the classical plate theory and for the sake of comparison, in the present analysis, the side-to-thickness ratio is chosen as a/h = 100. It is seen that the results of our study match well with those of Liew et al. [43] and Lam et al. [44] after the adoption of N x = N y = 20 shape functions. Therefore, in the subsequent results, the number of shape functions in both directions is chosen as 20.
In Table 3 , the first four frequencies of a plate with a centric cutout clamped all around is evaluated. In this study, the plate is also a square, and for the sake of comparison, the side-to-thickness ratio is chosen as a/h = 100. Four different square cutout sizes, c/a = 0.1, 0.2, 0.3 and 0.5, are considered and in each case our results are compared with those of Malekzadeh et al. [45] and Mundkur et al. [46] . Malekzadeh et al. [45] obtained the frequencies according to a three dimensional elasticity formulation and using the Chebyshev-Ritz formulation, whereas boundary characteristics of orthogonal polynomial functions are invoked into the Ritz formulation by Mundkur et al. [46] to obtain the plate frequencies. It is seen that our results are in good agreement with those of both Malekzadeh et al. [45] and Mundkur et al. [46] . Table 4 presents the frequencies of a thin square plate that is simply supported all around and contains a square cutout at the center. The cutout size is c/a = 0.4 and for the sake of comparison, the side-to-thickness ratio of the square plate is chosen as a/h = 100. The results of this study are compared with those of Liew et al. [43] . In the tabulated results, SS indicates the double-symmetric modes and AA indicates the double-antisymmetric modes. On the other hand, modes that are symmetric in one direction and antisymmetric on the other direction are denoted by AS. Again, it is seen that the results of our study are in good agreement with the available data, which verifies the accuracy of the present method. The next comparison study gives the frequency parameters of the FG-CNTRC plate with clamped boundary conditions. The frequencies are evaluated from the proposed approach of our study and compared with those given by Zhu et al. [4] based on the finite elements method. It is worth noting that in the analysis of Zhu et al. [4] , the matrix is made from PmPV with elasticity modulus E m = 2.1 GPa, Poisson's ratio ν m = 0.34 and mass density ρ m = 1150 kg/m 3 . The volume fraction of CNTs is set equal to 0.17 and the dispersion pattern of the CNTs is of the FG-V type. In such case, the efficiency parameters are obtained as η 1 = 0.149 and η 2 = η 3 = 1.381 [4] . Furthermore, G 23 = G 13 = G 12 is assumed [4] . The frequency parameter is defined as as shown in Table 5 . As can be seen, the first six frequencies are in good agreement with those obtained by Zhu et al. [4] .
The next comparison study is devoted to the case of a nonsquare plate with a nonsquare cutout. A thin plate with a/h = 100 and CSCS boundary conditions is considered. The length-to-width ratio is equal to a/b = 1.125. The cutout dimensions are the same as those of Liew et al. [43] , that is, c/a = 1/3 and d/b = 1/3. The first four frequencies of the plate are obtained and compared with the available data in the literature. It is worth noting that, in this case, the experimental results of Aksu and Ali [47] are also available. A comparison is provided in Table 6 . It is seen that the results of our study match well with the available data in the literature. Table 7 presents the fundamental and second symmetric modes of the frequency parameters of a unidirectional, orthotropic plate in a square platform with a centric square cutout. The material properties of the layer are E 11 = 140 GPa, E 22 = 3.5 GPa, G 12 = 0.5 GPa, ν 12 = 0.25 and ρ = 4000 kg/m 3 . The plate is simply supported all around and a cutout size is chosen as c/a = 0.5. The results are provided for various side-to-thickness ratios. A comparison is made between the results of our study with those obtained by Reddy [48] based on the finite elements method and by Ovesy and Fazilati [49] based on the finite strip method. The results are provided in Table 7 . It can be seen that the results of our study match well with the available data in the literature, which proves the correctness of the formulation and solution method of the present research.
Parametric studies
After validating the formulation and proposed method of the present research, the parametric studies are provided in this section. In this section, the frequency parameter is defined as , where D m is the flexural rigidity of a plate made from the polymeric matrix. Tables 8-11 present the first five frequencies of CNTRC plates in a square shape and side-to-thickness ratio of a/h = 20. Table 8, Table 9, Table 10 and Table 11 are associated with CCCC, CFFF, SSSS and CFCF plates, respectively. The volume fraction of CNTs is chosen as = 0.17. In each case, the frequencies are provided for three different perforation sizes and four different graded patterns of CNTs. It is seen that, similar to the case of plates without a cutout, in plates with a hole, FG-X also has the highest fundamental frequency and FG-O has the lowest. The influence of hole size on fundamental frequency is not monotonic. For instance, in CCCC plates, the fundamental frequency of a plate increases when the hole size increases from c/a = 0.1 to 0.3 and 0.5. This conclusion is qualitatively compatible with the results of Malekzadeh et al. [45] for CCCC FGM plates. For SSSS and CFFF plates, on the other hand, the trend is the inverse and the fundamental frequency of a plate decreases when the hole size increases from c/a = 0.1 to 0.3 and 0.5. The results presented in Tables 8-11 contain both the flexural and extensional as well as coupled (in FG-V type) vibrational modes. As seen from Table 10 , the fourth and fifth frequencies of SSSS plates without a cutout or with a cutout size of c/a = 0.1 and 0.3 are the same. These frequencies are in-plane modes and, due to the symmetry of geometry and boundary conditions, they are equal. It is seen that the in-plane frequencies of FG-X and FG-O plates are equal. Table 12 presents the first five frequencies (including both in-plane and out-of-plane) of square plates made of FG-CNTRC with centric cutouts of various sizes. The side-to-thickness ratio is set equal to a/h = 20 and the plate is clamped all around. Numerical results are given for three different volume fractions of CNTs and four different graded patterns of CNTs. Similar to the case of plates without a cutout, an increase in the CNT volume fraction yields a higher natural frequency of the plate. The plates with an FG-X pattern of CNTs have higher frequencies in comparison to UD, FG-V and FG-O plates. 
Conclusion
The natural frequencies of carbon-nanotube-reinforced, composite laminated plates with a rectangular hole in the center was analyzed in this research. The properties of the plate were obtained according to a modified rule of mixtures, which includes the efficiency parameters to account for the size-dependent characteristics of the nanocomposite. The distribution of CNTs across the plate thickness was both uniform or functionally graded. An energy-based Ritz formulation was constructed to obtain the frequencies of the plate. The basis shape functions were obtained using the Chebyshev polynomials, suitable for arbitrary in-plane and out-of-plane boundary conditions on the exterior and the cutout is assumed to be free. After performing comparison studies for isotropic and unidirectional plates with a centric cutout, the parametric studies were given for plates both with and without a cutout. It is shown that, similar to FG-CNTRC plates without a cutout, increasing the CNT volume fraction results in higher frequencies of the plate with a cutout. Furthermore, FG-X plates have a higher natural frequency in comparison to the other three patterns of CNTs. It was also demonstrated that the variation of fundamental frequency of a perforated plate with respect to the hole size is not monotonic and is dependent on the boundary conditions. 
